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By considering a spin- 1
2
degenerate Fermi gases in a ring cavity where strong interaction between
atoms and light gives rise to a superradiance, we find the cavity dissipation could cause a severe
broadening in some special cases, breaking down the quasi-particle picture which was constantly
assumed in mean field theory studies. This broadening happens when the band gap resonant with
polariton excitation energy. Interestingly enough, this broadening is highly spin selective depending
on how the fermions are filled and the spectrum becomes asymmetric due to dissipation. Further, a
non-monotonous dependence of the maximal broadening of the spectrum against cavity decay rate
κ is found and the largest broadening emerges at κ comparable to recoil energy.
I. INTRODUCTION
Recent developments in experiments extend traditional
cavity QED[1, 2] to a many body system by putting quan-
tum degenerate gases into cavities [3–5]. Strong interac-
tions between atoms and light are realized, and a steady
state superradiance is achieved[5, 6]. This field natu-
rally combines the studies of the non-equilibrium driven-
dissipative systems and the quantum many body systems
together[7]. As coherence is very important for realizing
superradiance, therefore how dissipation influences this
many body state is of fundamental importance. Regard-
ing nontrivial effect of dissipation, one example is the
dynamical critical exponent being shifted by the pres-
ence of dissipation. A theoretical prediction of the crit-
ical exponent shift is from 0.5 to 1 [8, 9]. While the
measurement on static and dynamical structure factor
shows the flux critical exponent is shifted to 0.7 in nor-
mal phase side, and 1.1 in superradiant side[10–12]. The
mechanism for the critical exponent shift is not yet fully
understood. Another example is, in a cavity superradi-
ance assist hopping system, dissipation could induce an
emergent electric field and drives atoms to flow in one di-
rection, forming a “real space Fermi sea” for degenerate
fermions[13].
Although there are nontrivial effects for dissipation,
there are still many cases these effect are not major and
can be neglected. There are many previous theoretical
works[14–27] on superadiance in a cavity assume that
the atomic excitations are well defined quasi-particles,
so that dissipation effect could be neglected. However,
the validity of this quasi-particle assumption has not yet
been justified in many cases. Some efforts are devoted
to calculating dynamics and dissipation of Bose gases in
a cavity[28, 29], where the spectrum broadening is found
and the critical behavior of the quasiparticle lifetime is
analyzed[8, 9]. Even more, extra spectrum broadening by
Baeliev damping is predicted for interacting bosons[31].
∗Electronic address: yuchen.physics@cnu.edu.cn
Discussion of steady state distribution of fermions in a
cavity can be found in Ref.[30], but studies for fermion
spectrum is still quite limited. In this article, we will
study the fermion excitation spectrum by a systematic
Keldysh formalism which could be applied to general
nonequilibrium many body systems. To keep our study
as simple as possible, we choose to study one dimensional
spin- 12 Fermi gases in a ring cavity. Since absorption of
cavity photon will flip spin together with a momentum
transfer, therefore the condensation of cavity field will
induce a spin-orbit-coupling (SOC) of fermions. This is
originally proposed by Han Pu and his coworkers[32, 33]
in a bosonic system.
In this article, we will first introduce the experimen-
tal setup and corresponding hamiltonian in section II,
then we will establish the Keldysh formalism for calculat-
ing fermion’s excitation spectrum and distribution func-
tion under steady state assumption in section III. Dyson
equations for cavity field self-energies and fermion self-
energies are given. In section IV, we will present the nu-
merical results for cavity photon spectrum and fermion
excitation spectrum in different parameter regions. A
spin selection of spectrum broadening is discovered to be
connected with the fermion occupation. Maximal spec-
trum broadening is found to be non-monotonous depen-
dent on cavity decay rate κ. For small κ and large κ, the
spectrum is more close to well defined quasi-particle spec-
trum, and the largest broadening happens for moderate
κ around recoil energy. This result is in accord with how
fast a steady state could be reached in a one-dimensional
lattice fermion system[34], where steady state is most dif-
ficult to be reached for κ ∼ Er. In this parameter region,
photon loss rate resonant with atom motion, therefore
the adiabatic approximation breaks down. Both calcula-
tions show that κ ∼ Er is the most unstable case. Finally,
we make conclusion in section V.
II. SET UP
Here we propose to put degenerate spin- 12 Fermi gases
into a ring cavity as shown in Fig. 1. Here we suppose the
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FIG. 1: Experimental setup for cavity induced spin-orbit-
coupling in spin-1/2 Fermi gases. Pumping field is labeled in
blue while the cavity field is labeled in red.
interactions between fermions could be neglected. The
ring cavity supports two traveling wave modes in clock-
wise and anti-clockwise directions. Here we suppose the
pumping laser is in anti-clockwise direction polarized in yˆ
while a one dimensional fermions cloud is laid in xˆ direc-
tion. Photons interact with the atoms by a two photon
Raman process, in which spin is flipped together with a
momentum transfer 2k0. The cavity mode is clockwise
and polarized in zˆ direction. The hamiltonian of the sys-
tem could be then formulated as
Hˆ =
∫
dxΨˆ†(x)HˆatΨˆ(x)− δ˜caˆ†aˆ+ ip(aˆ† − aˆ), (1)
Hˆat =
(px + k0σz)
2
2m
+ η(aˆσ+ + aˆ†σ−)− µ, (2)
under rotating wave approximation (RWA). The atomic
field operator Ψˆ(x) could be written as Ψˆ(x) =
(1/L)
∑
k(cˆk↑, cˆk↓)
T eikx in second quantization form, L
is the size of atom cloud in x direction. σ± = σx ± iσy
are spin ladder operators, where σi=x,y,z are Pauli ma-
trices. In original frame the Raman process will flip the
atom’s spin at the same time shift the momentum by
k0ex, here Hˆat is the atomic hamiltonian after unitary
transformation Uˆ = e−ik0xσz . It is clear the hamilto-
nian is invariant under a U(1) transformation aˆ → aˆeiφ,
cˆkσ → cˆkσeiσφ/2 if we turn off p term. Therefore the
hamiltonian without p term has U(1) symmetry. p term
is an explicit symmetry broken term coming from direct
exchange of photons between cavity and pumping laser
field. δ˜c = ωp − ωc is the cavity detune frequency. ωc
and ωp are frequency for cavity mode and pumping field
frequency respectively. η = Ωpg0/∆a is the atom cavity
coupling strength, with Ω being the pumping laser am-
plitude, g0 being single atom cavity coupling strength,
∆a being ac Stark shift of the atom. The ring cavity’s
decay rate is assumed as κ.
When p 6= 0 is turning on, the U(1) symmetry will be
explicitly broken so that the vacuum expectation value
of aˆ is nonzero, leading to a SOC in fermions. We stress
that this SOC by cavity photon condensation is in gen-
eral different from previous SOC by Raman lasers [35–37]
where the atomic spectrum cannot fluctuate.
III. METHOD
A. Keldysh formalism
Here our aim is to obtain the fermionic excitation spec-
trum in presence of dissipation. Since this dissipative
system does not in general reach thermal equilibrium in
long time limit, therefore we choose Keldysh formalism to
formulate this problem[38]. In ordinary equilibrium field
theory we assume the density operator ρˆ = exp(−βHˆ),
and all correlation functions are thermal ensemble av-
eraged functions. However, in general nonequilibrium
systems the distribution function is unkown and vary-
ing with time. Keldysh formalism does not assume any
ad hoc distribution function and both the distribution
function and single particle excitation spectrum could be
solved at the same time.
are two branches of closed time path, C+
are two branches of closed time path,
the positive branch and C−
, +∞ −∞∞ −∞
FIG. 2: Illustration of closed time path.
According to our setup, free fermions are coupled to
a single mode cavity whose decay rate is κ. The action
could be written down by a closed time path integral as
S =
∑
λ=±
∫
Cλ
dt(−)λ
[
(a¯λ(−i∂t+δc+iλκ)aλ+ip(a¯λ−aλ))+∫
dxΨ¯λ
(
−i∂t− (i∂x−k0σz)
2
2m
+η(a¯λσ
−+aλσ+)
)
Ψλ
]
,(3)
where Cλ=± are two branches of closed time path, C+
is the positive branch and C− is the negative branch,
as is shown in Fig.2. Cavity field aλ(t) and atom field
Ψλ(x, t) are defined on path Cλ respectively. Ψλ(x, t) =
(ψλ↑, ψλ↓)T is the fermion spinor field. After we intro-
duce Keldysh rotation, we define acl ≡ (a+ + a−)/
√
2,
aq ≡ (a+ − a−)/
√
2, and ψ1σ ≡ 1√2 (ψ+σ + ψ−σ),
ψ2σ ≡ 1√2 (ψ+σ − ψ−σ), ψ¯1σ ≡ 1√2 (ψ¯+σ − ψ¯−σ), ψ¯2σ ≡
1√
2
(ψ¯+σ − ψ¯−σ) where σ =↑ or ↓ is the spin index. Then
the action can be expressed as
S = Sc + Sat + Sint. (4)
3The action of cavity field is
Sc =
1
2
∫ ∞
−∞
dω
2pi
A†(ω)
(
0 (pi−10 )
A
(pi−10 )
R (pi−10 )
K
)
A(ω), (5)
A(Ω) = (acl(ω), a
∗
cl(−ω), aq(ω), a∗q(−ω))T . The inverse
of propagators are defined as
(pi−10 )
R =
(
(pi−10 )
A
)†
=
(
ω + δc + iκ 0
0 −ω + δc − iκ
)
,(6)
(pi−10 )
K =
(
2iκ 0
0 2iκ
)
. (7)
The atomic action is
Sat =
∫
drdr′Ψ¯T (r)
(
LR0 (r; r
′) LK0 (r; r
′)
0 LA0 (r; r
′)
)
Ψ(r′), (8)
where r = (x, t), dr = dxdt and Ψ(x, t) =
(ψ1↑, ψ1↓, ψ2↑, ψ2↓)T (x, t). L
R,A
0 (r, r
′) = LR,A0 (r−r′) and
LK0 (r, r
′) = LK0 (r − r′) are inverse retard, advanced and
Keldysh Green’s functions. Their definition could be bet-
ter expressed in frequency and momentum space, which
is
Sat =
∫
ddk
(2pi)2
Ψ¯T
[
+i0+− (k+k0σz)22m 2i0+F ()
0 −i0+− (k+k0σz)22m
]
Ψ,(9)
where Ψ(k, )’s variables are neglected, F () = 1−2nF ()
and nF () = (exp(( − µ)/T ) + 1)−1 is the zero tem-
peratuare Fermi-Dirac distribution function. Finally the
interaction action could be written as
Sint =
η√
2
∫
dr
∑
i=q,cl
Ψ¯T (r)(ai(t)σ
+ + a¯i(t)σ
−)γˆiΨ(r)(10)
where γˆq = σx, γˆcl = 1 are defined in Keldysh space.
In this strongly interacting atom light system, one
basic question is whether there is a steady state so-
lution in long time limit. This question could be
answered as long as we know the exact form of
Keldysh Green’s function for cavity field ΠˆK(t, t′) =
−i〈(acl(t), a¯cl(t))T (a¯cl(t′), acl(t′))〉, and Keldysh function
of fermions GK(r, r′) = −i〈Ψ1(r)Ψ¯2(r′)〉. These func-
tions are related to the excitation spectrum and the dis-
tribution function evolution. Without assuming that the
system being time translational invariant, ΠK(t, t′) will
be not only a function of time difference t − t′, but also
a function of (t + t′)/2, which manifests time evolution
of distribution function. If for large (t + t′)/2, Π(t, t′)
becomes (t + t′)/2 independent, then we say the system
reaches steady state. In present work we will focus on the
spectrum study, therefore we assume that steady state
could be always reached in long time limit.
By this assumption, all Green’s functions become func-
tions of t − t′ only. In steady state approximation, we
assume the cavity expectation value becomes 〈a〉 = α in
cl q
cl q
i j i j
i j i j
Πij11 , Π
ij
12
, Πij21 , Π
ij
22
σ Gijσσ′σσ
′
FIG. 3: Feynman diagrams for fermion propagators, cavity
photon propagators and cavity-atom interaction. Fermion
propagators are given by solid lines, representing Gijσσ′(k, ),
where σ and σ′ are spin indices. i and j are in Keldysh space,
G11 = GR, G12 = GK , G21 = 0 and G22 = GA. Double wig-
gly lines are propagators of dressed cavity photon, labeled as
Πijab, where i, j = q, cl are in Keldysh space, a, b are in T space.
Πcl,cl = ΠK , Πcl,q = ΠR and Πq,cl = ΠA, Πq,q = 0. The blue
vertex means a matrix γˆq = σx in Keldysh space, and the red
vertex means a matrix γˆcl = 1 in Keldysh space. The incom-
ing arrow for photon is annihilation process of photon while
outgoing arrow means creation of cavity photon. Spin flip
process is directly shown in these Feynman rules. Feynman
rules for these four vertices are η(γˆcl)K × (σ+)spin.
long time limit, where 〈·〉 is ground state average. We
define retard and advanced Green’s function for fermions
are GR(r, r′) = −iθ(t − t′)〈Ψ1(r)Ψ†1(r′)〉, GA(r, r′) =
−iθ(t′− t)〈Ψ2(r)Ψ†2(r′)〉. Let us assume the fermions are
in zero temperature, with the cavity vacuum expecta-
tion value α self consistently determined by steady state
equaion, then the zeroth order Green’s function could be
written as
G0,R↑↑ (k, ) =
1
2∆k
(
∆k + v0k
+i0+ − ξ+k
+
∆k − v0k
+i0+ − ξ−k
)
(11)
G0,R↓↓ (k, ) =
1
2∆k
(
∆k − v0k
+ i0+− ξ+k
+
∆k + v0k
+ i0+− ξ−k
)
(12)
G0,R↑↓ (k, ) =
ηα
2∆k
(
1
+ i0+− ξ+k
− 1
+ i0+− ξ−k
)
(13)
G0,R↓↑ (k, ) =
ηα∗
2∆k
(
1
+ i0+− ξ+k
− 1
+ i0+− ξ−k
)
(14)
where ξ±k =
k2
2m − µ ± ∆k is the dispersion of up-
4χA =
q cl
χR =
cl q
χK =
q q
χ¯A =
q cl
χ¯R =
cl q
χ¯K =
q q
(a)
(b)
only when
GA
only when
GA
, which are nonzero
GR
, which are nonzero
GR
FIG. 4: Susceptibilities of fermions, also as cavity photon self-
energy. (a) The normal photon self-energy contributions χ.
(b) The abnormal photon self-energy χ¯, which are nonzero
only when α 6= 0. Pay attention that G11 = GR, G12 = GK ,
G22 = GA and G21 = 0. The expressions for these Feynman
diagrams are given in Eqn. (15), (16), (17), (18), (19) and
(20).
per band and lower band, 2∆k = 2
√
(v0k)2 + η2|α|2
is the energy splitting between two bands, v0 = k0/m
is ”recoil” velocity. The advanced Green’s function is
GA(k, ) = (GR(k, ))†. Meanwhile, as we know k is
conserved, therefore GK,A,R(r1, r2) = G
K,A,R(r1 − r2).
For Keldysh Green’s function, we have GK(k, ) =
GR(k, )F (k, )−F (k, )GA(k, ) where F (k, ) is the dis-
tribution function. If the system reaches thermal equi-
librium, F (k, ) = (1 − 2nF ())1 (1 is a unit matrix in
spin space, nF () = 1/(exp(( − µ)/T ) + 1) is Fermi
distribution at temperature T). However, steady state
distribution F (k, ) does not necessarily be thermal dis-
tribution, therefore in principle F (k, ) need to calcu-
lated self-consistently. But here, for simplicity, we as-
sume the fermion distribution is fixed at zero tempera-
ture Fermi-Dirac distribution. Our mission in this article
is to obtain the excitation spectrum function A(k, ) =
− 1pi ImGR(k, ).
Feynman rules for Feynman diagrams in Keldysh for-
malism are introduced in Fig. 3 based on our Keldysh
path integral formalism.
B. Dyson equations
In this section, we will present self-consistent Dyson
equations under steady state approximation. First of all,
let us consider cavity photon self-energies, and this self-
energy correction comes from polarization of fermions
which could be shown diagrammatically in Fig. 4. Their
explicit expressions are
χK(q˜) =
iη2
2
∑
k˜
(
GR↑↑(k˜ + q˜)G
A
↓↓(k˜) +G
A
↑↑(k˜ + q˜)G
R
↓↓(k˜)
+GK↑↑(k˜ + q˜)G
K
↓↓(k˜)
)
(15)
χ¯K(q˜) =
iη2
2
∑
k˜
(
GR↑↓(k˜ + q˜)G
A
↓↑(k˜) +G
A
↑↓(k˜ + q˜)G
R
↓↑(k˜)
+GK↑↓(k˜ + q˜)G
K
↓↑(k˜)
)
(16)
χR(q˜) =
iη2
2
∑
k˜
GR↓↓(k˜+q˜)G
K
↑↑(k˜) +G
K
↓↓(k˜ + q˜)G
A
↑↑(k˜)(17)
χ¯R(q˜) =
iη2
2
∑
k˜
GR↓↑(k˜+q˜)G
K
↓↑(k˜) +G
K
↓↑(k˜ + q˜)G
A
↓↑(k˜)(18)
χA(q˜) =
iη2
2
∑
k˜
GA↓↓(k˜+q˜)G
K
↑↑(k˜) +G
K
↓↓(k˜ + q˜)G
R
↑↑(k˜)(19)
χ¯A(q˜) =
iη2
2
∑
k˜
GA↓↑(k˜+q˜)G
K
↓↑(k˜) +G
K
↓↑(k˜ + q˜)G
R
↓↑(k˜)(20)
where q˜ = (0, ω), k˜ = (k, ). Then let us define suscepti-
bility matrices
χˆi=R,A,K(ω) ≡
(
χi(ω) χ¯i(ω)
(χ¯(−ω))∗ (χi(−ω))∗
)
, (21)
where we denote the space as time-reversal space, in
short, T space. then the Dyson equations for cavity pho-
tons can be written as(
ΠˆK ΠˆR
ΠˆA 0
)−1
=
(
pˆiK0 pˆi
R
0
pˆiA0 0
)−1
−
(
0 χˆA
χˆR χˆK
)
(22)
where ˆ in Πˆ, pˆi, χˆ means matrix in T space (time-
reversal space). Further, let us discuss the symmetry of
ΠR(ω) in T space. ΠR11(ω) = −i〈a(ω)a†(ω)〉, ΠR22(ω) =
−i〈a†(−ω)a(−ω)〉, then we have Π11(ω) = −Π∗22(−ω).
For the self-energy of fermions, we consider the Ha-
tree term and the Fock terms. Since the Hatree terms
can be written as iη
2
2 Π
K(0)
∑
k,(G
R(k, ) + GA(k, )),
this is a constant shift of the chemical potential. In our
scheme, we will fix the chemical potential of fermions,
therefore we add the Hatree term contribution to chemi-
cal potential and require this dressed chemical potential
to be fixed. On the other hand, the Fock terms can be
shown diagrammatically as Fig. 5. These self-energies
can be explicitly written down as
ΣRσσ′() =
iη2
2
∫
dω
2pi
(
GRσ¯σ¯′(−ω)ΠKσ¯σ¯′(ω)
+GKσ¯σ¯′(−ω)ΠAσ¯σ¯′(ω)
)
(23)
5FIG. 5: Retard self-energy of fermions. Double wiggly line
represents dressed cavity photon propagator Πˆ(ω). Self-
energies expressions by these Feynman diagrams are given
explicitly in Eqn. (23)
ΣAσσ′() =
iη2
2
∫
dω
2pi
(
GAσ¯σ¯′(−ω)ΠKσ¯σ¯′(ω)
+GKσ¯σ¯′(−ω)ΠRσ¯σ¯′(ω)
)
(24)
ΣKσσ′() =
iη2
2
∫
dω
2pi
[
GKσ¯σ¯′(−ω)ΠKσ¯σ¯′(ω)+
GRσ¯σ¯′(−ω)ΠAσσ′(ω)+GAσ¯σ¯′(−ω)ΠRσ¯σ¯′(ω)
]
(25)
where σ, σ′ = 1, 2 are spin index in Σˆ, and Gˆ, or 1,2 in
T space of Πˆ. σ¯ means exchange 1 and 2, for example,
1¯ = 2, 2¯ = 1. Finally, we get Dyson’s equations for
fermion’s Green’s functions as(
GˆR GˆK
0 GˆA
)−1
(k, )=
[(
GˆR0 Gˆ
K
0
0 GˆA0
)−1
−
(
ΣˆR ΣˆK
0 ΣˆA
)]
(k, )(26)
One could always apply a rotation in spin space at
every k to make the imaginary part of GR ( in other
words, the spectrum) to be diagonalized. We denote
the rotated Green’s functions as GR±(k, ), G
A
±(k, ) and
GK± (k, ), where ± are band indices. The fermionic exci-
tation spectrum can be given as
A±(k, ) = − 1
pi
ImGR±(k, ), (27)
Within steady state assumption, Eqn. (23), Eqn. (24),
Eqn. (25) and Eqn.(22) formed a set of self-consistent
equations for spectrum of fermions and cavity field, as
well as distributions of fermions and cavity field. In this
article, we will focus on the spectrum and we assume
the fermion distribution is still fixed at zero temperature
Fermi-Dirac distribution at the first self-consistent loop
level.
IV. NUMERICAL RESULTS FOR SINGLE
PARTICLE EXCIATION SPECTRUM
In this section, we will show the numerical results for
cavity photon spectrum and fermion excitation spectrum
in different parameter regions. We will finally answer
the question that when will the quasi-particle picture be
valid.
A. Single particle excitation spectrum of fermions
Before we present the numerical results for fermions’
spectrum function, let us first analyze when will the spec-
trum deviate from sharp quasi-particle peaks, or in other
words, when will the self-energy Σˆ get large corrections.
By Eqn. (23), (24), (25), we could learn that both cavity,
fermion spectrum and distribution contribute to the self-
energy. Since the cavity photons are in a steady state
rather than an equilibrium state, the typical distribu-
tion function is FˆB(ω) = 1 + 2nˆB(ω) = diag{1,−1},
which is quite different from the zero temperature equi-
librium distribution function F eqB (ω) = sgn(ω). Consid-
ering dressed photon will not change this steady state
distribution much, we will use this approximate steady
state distribution for qualitative estimation. At the same
time, let us make use of GˆR0 and Gˆ
K
0 ’s imaginary parts
being delta functions, then we can get simplified expres-
sions for fermion self-energies as
ImΣR↑↑(±) ≈ iη2P∓↓↓(n22B (−∆)+nF (∓))ImΠR22(−∆)
ImΣR↓↓(±) ≈ iη2P∓↑↑(n11B (∆)+nF (∓))ImΠR11(∆) (28)
where Im stands for imaginary part, ∆ = +− − is the
energy gap between two bands, P±↑↑ =
1
2 (1 ± v0k/∆k),
P±↓↓ =
1
2 (1∓ v0k/∆k) are spin projection factors. n11B (ω)
and n22B (ω) are cavity photon steady state distribution
functions, 1, 2 are T space indices. From our calculation
we found n11B (ω) = 0 and n
22
B (ω) = −1 for almost every
ω. Therefore we could further simplify the expressions as
ImΣR↑↑(±) ≈ −iη2P∓↓↓(1−nF (∓))ImΠR22(−∆)
ImΣR↓↓(±) ≈ iη2P∓↑↑nF (∓)ImΠR11(∆) (29)
From above expression we could see large self-energy cor-
rection for spin up branch is only possible when nF (±) =
0, that is k mode being not occupied. A large correction
for spin down branch is only possible when nF (±) = 1.
Bare in mind that spin up branch shifts to the left and
spin down branch shift to the right side, then we can
check our claim in spectrum function visually.
The second important ingredient for large Σ is big
ImΠRσσ′(∆). In this part we discuss the condition for
large ImΠRσσ′(±2∆k) where 2∆k is the band gap at mo-
mentum k. As [Π−1]R = ω + δc + iκ − χR, therefore
large ImΠRσσ′(±∆k) means the real part and imaginary
part of [Π−1]R being both small. First of all, we could
always find a momentum k so that the real part of Π
is small, thus we take k∗ to denote the momentum for
smallest Re[Π−1]R. On the other hand, the imaginary
part of [Π−1]R is determined by the cavity decay rate κ
and density of states (DOS) of particle hole excitations
ImχR, therefore large ΠR requires small κ and vanishing
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FIG. 6: Fermion spectrum at high filling factor. In all
three figures, cavity decay rate  = Er, cavity detune is
 c =  70Er, and the coherent pumping field strength is
✏p = 80Er. The chemical potential is taken to be E = 0
and labeled as white dashed lines in three figures. In (a),
A(✏) is shown for the cavity excitation pole being in double
occupancy region while in (b), A(✏) is shown for the cavity
excitation pole being in single occupancy region and finally,
while finally in (c), A(✏) is shown for the cavity excitation
pole being in zero occupancy region. In (a1),(a2), (b1), (b2)
and (c1), (c2) we give the real part and imaginary part of
cavity photon’s Green’s function. The white dashed line is
the fermion level which we take as zero energy.
no particle-hole (PH) excitation at momentum k. Be-
cause the atomic gas and cavity photons are in strong
interacting region therefore as long as Im R(! = ±2 k)
exists, it is large (⇠ MHz   recoil energy). Further,
DOS of PH excitations is nonzero only for single occu-
pancy when nF (✏ ) = 1 and nF (✏+) = 0, therefore small
[⇧ 1]R could be only achieved in double occupied region
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FIG. 7: Fermion spectrum at middle filling when the Fermi
level pass through the band gap. In (a), the cavity photon
excitation energy matches 2 k for k in single filling region.
In (b), the cavity photon excitation energy matches 2 k for
a k in zero filling region.
and zero occupied region.
In the following paragraph, we will first present our
data for di↵erent typical filling and pole positions of po-
lariton for  ⇠ Er, then we will go on to present how 
changes the spectrum broadening.
In high filling case where double occupancy is possible,
there are three typical cases, determined by polariton
pole position determined by Re[⇧R11(!
⇤)] 1 = 0, which
we denoted as !⇤. !⇤ will match certain 2 k⇤ for a spec-
ified k⇤ (If !⇤ < 2 k=0 = 2⌘|↵|, we take k⇤ = 0). The
position of k⇤ can be classified by how k mode is filled.
First suppose 0 < kF1 < kF2 are two real solution for
⇠±(k) = 0, then the first typical case is |k⇤|  kF1, we
call double filling region because in this region both up-
per band and lower band are occupied; the second case is
kF1 < |k⇤|  kF2, which we addressed as single filling re-
gion and finally |k⇤| > kF2, zero filling region. Both the
fermion excitation spectrum and photon excitation spec-
trum are given in Fig. 6(a), (b), (c). One could see only
in (a) and (c) cases, fermion excitation spectrum have
large corrections. As we addressed previously, a large
correction in self-energy ⌃ˆ requires large ⇧R satisfying
1 nF (✏ k⇤) ⇠ 1 or nF (✏+k⇤) ⇠ 1. In case (a), nF (✏+k⇤) ⇠ 1
is satisfied, a large correction could be expected in spin
down branch when we get large density of cavity exci-
tation photons. The result is shown in Fig. 6(a), and
FIG. 6: Fermion spectrum at high filling factor. In all
three figures, cavity decay rate κ = Er, cavity detune is
δc = −70Er, and t pumping field strength is p = 80Er,
the atom number is 1600, chemical potential is µ = 6Er. The
chemical p tential is taken to be E = 0 and labeled as white
dashed lines in three figures. In (a), η = 0.78Er, A() is shown
for the cavity xcitatio pole being in double occupancy re-
gion while in (b), (η = 0.738Er) A() is shown for the cavity
excitatio pole being in single occupa cy region and finally,
while finally in (c) (η = 0.7Er), A() is shown for the cavity
excitation p le being in zero occupancy region. In (a1),(a2),
(b1), (b2) and (c1), (c2) we give the real part and imaginary
part of cavity photon’s Green’s function. The white dashed
line is the fermion level which we take as zero energy.
ImχR(ω = ±2∆k). Small κ requires high finesse cavity
while vanishing ImχR(ω = ±2∆k) means no particle-hole
(PH) excitation at momentum k. Because the atomic gas
and cavity photons are in strong interacting region there-
fore as long as ImχR(ω = ±2∆k) exists, it is large (∼
MHz  recoil energy). Further, DOS of PH excitations
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FIG. 6: Fermion spectrum at high filling factor. In all
three figures, cavity decay rate  = Er, cavity detune is
 c =  70Er, and the coherent pumping field strength is
✏p = 80Er. The chemical potential is taken to be E = 0
and labeled as white dashed lines in three figures. In (a),
A(✏) is shown for the cavity excitation pole being in double
occupancy region while in (b), A(✏) is shown for the cavity
excitation pole being in single occupancy region and finally,
while finally in (c), A(✏) is shown for the cavity excitation
pole being in zero occupancy region. In (a1),(a2), (b1), (b2)
and (c1), (c2) we give the real part and imaginary part of
cavity photon’s Green’s function. The white dashed line is
the fermion level which we take as zero energy.
no particle-hole (PH) excitation at momentum k. Be-
cause the atomic gas and cavity photons are in strong
interacting region therefore as long as Im R(! = ±2 k)
exists, it is large (⇠ MHz   recoil energy). Further,
DOS of PH excitations is nonzero only for single occu-
pancy when nF (✏ ) = 1 and nF (✏+) = 0, therefore small
[⇧ 1]R could be only achieved in double occupied region
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FIG. 7: Fermion spectrum at middle filling when the Fermi
level pass through the band gap. In (a), the cavity photon
excitation energy matches 2 k for k in single filling region.
In (b), the cavity photon excitation energy matches 2 k for
a k in zero filling region.
and zero occupied region.
In the following paragraph, we will first present our
data for di↵erent typical filling and pole positions of po-
lariton for  ⇠ Er, then we will go on to present how 
changes the spectrum broadening.
In high filling case where double occupancy is possible,
there are three typical cases, determined by polariton
pole position determined by Re[⇧R11(!
⇤)] 1 = 0, which
we denoted as !⇤. !⇤ will match certain 2 k⇤ for a spec-
ified k⇤ (If !⇤ < 2 k=0 = 2⌘|↵|, we take k⇤ = 0). The
position of k⇤ can be classified by how k mode is filled.
First suppose 0 < kF1 < kF2 are two real solution for
⇠±(k) = 0, then the first typical case is |k⇤|  kF1, we
call double filling region because in this region both up-
per band and lower band are occupied; the second case is
kF1 < |k⇤|  kF2, which we addressed as single filling re-
gion and finally |k⇤| > kF2, zero filling region. Both the
fermion excitation spectrum and photon excitation spec-
trum are given in Fig. 6(a), (b), (c). One could see only
in (a) and (c) cases, fermion excitation spectrum have
large corrections. As we addressed previously, a large
correction in self-energy ⌃ˆ requires large ⇧R satisfying
1 nF (✏ k⇤) ⇠ 1 or nF (✏+k⇤) ⇠ 1. In case (a), nF (✏+k⇤) ⇠ 1
is satisfied, a large correction could be expected in spin
down branch when we get large density of cavity exci-
tation photons. The result is shown in Fig. 6(a), and
FIG. 7: Fermion spectrum at middle filling when the Fermi
level pass through the band gap. µ = Er with other param-
eters except η unchanged. In (a) (η = 0.31Er), the cavity
photon excitation energy matches 2∆k for k in single filling
region. In (b) (η = 0.29Er), the cavity photon excitation
energy matches 2∆k for a k in zero filling region.
is nonze o only for single occupancy when nF (−) = 1
and nF (
+) = 0, therefore small [Π−1]R could be only
achieved in double occupied re ion and zero occupied re-
gion.
In the following paragraph, we will first resent our
data for different typical filling and pole positions of po-
lariton for κ ∼ Er, then we will go on to present how κ
changes the spectrum broadening.
In high filling case where double occupancy is possi-
ble, there are three typical cases, determined by polariton
pole p sition determined by Re[ΠR11(ω
∗)]−1 = 0, whose
solution we den ted as ω∗. ω∗ will match certai 2∆k∗ for
a specified k∗ (If ω∗ < 2∆k=0 = 2η|α|, we take k∗ = 0).
The positio of k∗ can be classi ed by h w k mode is
filled. First suppose 0 < kF1 < kF2 are two real solution
for ξ±(k) = 0, then the first typical case is |k∗| ≤ kF1,
we call double filling region because in this region both
upper band and lower band are occupied; the second case
is kF1 < |k∗| ≤ kF2, which we addressed as single filling
region and finally |k∗| > F2, zero filling region. Both the
fermion excit tion spectrum and photon excitation spec-
trum are given i Fig. 6(a), (b), (c). One ould s e only
in (a) and (c) cas s, ferm on excitation spectrum have
large corrections. As we addressed previously, a large
correction in self-energy Σˆ requires large ΠR satisfying
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FIG. 8: Fermion spectrum at low filling when the Fermi level
is below the band gap. In (a), the cavity photon excitation
energy matches 2 k for k in single filling region. In (b), the
cavity photon excitation energy matches 2 k for a k in zero
filling region for large k. In (c), the cavity photon excitation
energy matches 2 k for a k in zero filling region for small k
in (a1) and (a2) we show real part and imaginary part
of ⇧R11(!). To summarize the result, first, the Z2 sym-
metry of the spectrum is broken by dissipation, only one
branch is unstable by the choice of dissipation. Second,
it is the lowest energy of the whole spectrum that is mod-
ified, leading to a vacuum change for fermions. This is
the most non-trivial case where we could reach a di↵er-
ent vacuum due to dissipation. In the second case Fig.
6(b), a small ⇧R11(!
⇤) is expected as the imaginary part
of [⇧R(!)] 1 is dominated by large particle-hole excita-
tion DOS, a dissipation channel opened by atom-light
interaction. Also because of the filling selection, the self-
energy ⌃ gets very small corrections, therefore the spec-
trum remains a prefect quasi-particle spectrum. We also
calculated the distribution function of fermions in this
region by accessing GˆK , where we found nF (✏) is close to
zero temperature fermi distribution as we initially sup-
posed. Therefore in this region, the spectrum is almost
unchanged, one can safely omit the corrections from dis-
sipation. Finally, when |k⇤| > kF2, the upper band get
large self-energy correction. Because the low energy spec-
trum is unchanged in this region, this spectrum variation
is secondary and will only change the details in ”high”
temperature physics. Still, the reason for symmetry bro-
ken is the choice of 1  nF (✏ k⇤) ⇠ 1.
Results of moderate filling (chemical potential in band
gap) and shallow filling are presented in Fig. 7 and Fig.
8 respectively. From previous analysis, we can find when
the chemical potential is right in the gap, the particle
hole excitation DOS is always large, therefore the quasi
particle pole is not changed. This is verified by Fig. 7
(a) and (b). The spectrum broadening in spin up branch
of Fig. 7(b) is caused by zero occupancy for k mode.
Finally, we could also analyze shallow filling case while
an extra region is possible as is shown in Fig. 8(c). When
the cavity photon excitation gap is very small, then the
spin up spectrum is broadened for |k| < kF1. But for
all the cases except the example given in Fig. 6(a), the
spectrum broadening is not around lowest energy state,
therefore less important. In the next section, we will
focus on case Fig. 6(a), and give the cavity decay rate
dependence on the maximal broadening of the spectrum.
B. Spectrum dependence on cavity decay rate
Here in this section we will present how the maximal
spectrum broadening changes against cavity decay rate .
With an extremely small , the cavity becomes perfect,
no photon leaks out, then the spectrum of fermions must
be unchanged. For a small cavity decay rate  ⌧ Er,
when particle-hole excitations are suppressed, we find
the fermion excitation spectrum will split into two peaks,
whose distance increases with . For  ⇠ Er, two peaks
will merge into one peak and the spectrum width will
reach its maximum. Further increasing of cavity decay
rate will lead to a strong coupling between environment
and system, large dissipation like a frequent measure-
ment could pin the system in its original spectrum. This
is also the situation we find numerically, the quasi parti-
cle peak becomes sharper and sharper when  becomes
much larger than recoil energy.
In Fig. 9, we show how this full width at half max-
imum of changes against cavity decay rate . The full
width at half maximum of spectrum A(k⇤,!) is defined
as  , displaying in the inner figure of Fig. 9. One can
observe that the spectrum at very small  split into two
peaks, that is because for small , the resonance of cavity
photon and atom gap is quite exact, but the decay pro-
cess is blocked by Pauli principle. The splitting of the
FIG. 8: Fermion spectrum at low filling when the Fermi level
is below the band gap. µ = 0.5Er and other parameters
except η are unchanged. In (a) (η = 0.537Er), the cavity
photon excitation energy matches 2∆k for k in single filling
region. In (b) (η = 0.525Er), the cavity photon excitation
energy matches 2∆k for a k in zero filling region for large
k. In (c) (η = 0.556Er), the cavity photon excitation energy
matches 2∆k for a k in zero filling region for small k
1−nF (−k∗) ∼ 1 or nF (+k∗) ∼ 1. In case (a), nF (+k∗) ∼ 1
is satisfied, a large correction could be expected in spin
down branch when we get large density of cavity exci-
tation photons. The result is shown in Fig. 6(a), and
in (a1) and (a2) we show real part and imaginary part
of ΠR11(ω). To summarize the result, first, the Z2 sym-
metry of the spectrum is broken by dissipation, only one
bra ch is unstable by the choic of dissipation. Second,
it is the l west energy of the whole spectrum tha is mod-
ified, leading to a vacuum change for fermions. This is
the most non-trivial case where we could reach a differ-
ent vacuum due to dissipation. In the second cas Fig.
6(b), a small ΠR11(ω
∗) is ex ec ed as the i aginary part
of [ΠR(ω)]−1 is dominated by large particle-hole excita-
tion DOS, a dissipation channel ope ed by at m-light
interaction. Also because of the filling selec on, the self-
en rgy Σˆ g ts very small corrections, therefore the pec-
trum r mai s a prefect quasi-particle spectrum. We also
calculated the distribution function of fermions in this
region by accessing GˆK , where we found nF () is close to
zero temperature fermi distribution as we initially sup-
posed. Therefore in this region, the spectrum is almost
unchanged, one can safely omit the corrections from dissi-
pation. Finally, when |k∗| > kF2, the ”spin up” band get
large self-energy correction. Because the low energy spec-
trum is unchanged in this region, this spectrum variation
is secondary and will only change the details in ”high”
temperature physics. Still, the reason for symmetry bro-
ken is the choice of 1− nF (−k∗) ∼ 1.
Results of moderate filling (chemical potential in band
gap) and shallow filling are presented in Fig. 7 and Fig.
8 respectively. From previous analysis, we can find when
the chemical potential is right in the gap, the particle
hole excitation DOS is always large, therefore the quasi
particle pole is not changed. This is verified by Fig. 7
(a) and (b). The spectrum broadening in spin up branch
of Fig. 7(b) is caused by zero occupancy for k mode.
Finally, we could also analyze shallow filli g case while
an extra region is possible as is shown in Fig. 8(c). When
th cavity photon excitation gap is very small, hen the
spin up spectrum is broadened for |k| < kF1. But for
all the cases except the example given in Fig. 6(a), the
spectrum broadening is not around lowest energy state,
therefore less important. In the next section, we will
focus on case Fig. 6(a), and give the cavity decay rate
dependence on the maximal broadening of the spectrum.
B. Sp ctrum dependence on vity decay rate
Here in this section we will present how the maximal
spectrum broadening changes against cavity decay rate κ.
With an extremely small κ, the cavity becomes perfect,
no photon leaks out, then the spectrum of fermions must
be unchanged. For a small cavity decay rate κ  Er,
when particle-hole excitations are suppressed, we find
the fermion excitation spectrum will split into two peaks,
whose distance increases with κ. For κ ∼ Er, two peaks
will merge into one peak and the spectrum width will
reach its maximum. Further increasing of cavity decay
rate will lead to a strong coupling between environment
and system, large dissipation like a frequent measure-
ment could pin the system in its original spectrum. This
is also the situation we find numerically, the quasi parti-
cle peak becomes sharper and sharper when κ becomes
much larger than recoil energy.
In Fig. 9, we show how this full width at half maximum
of spectrum function changes against cavity decay rate κ.
The full width at half maximum of spectrum A(k∗, ω) is
8defined as Γ, displaying in the inner figure of Fig. 9. One
can observe that the spectrum at very small κ split into
two peaks, that is because for small κ, the resonance of
cavity photon and atom gap is quite exact, but the decay
process is blocked by Pauli principle. The splitting of the
spectrum reconcile Pauli principle and the requirement
of resonance which brings photon absorption process on
shell.
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FIG. 9: Here we define Γ to be the full width of half max-
imum of A(k∗, ω). Three typical A(k∗, ω) for κ  Er (solid
line), κ ∼ Er (dotted line) and κ Er (dashed line) are given
in the inner figure. Γ is found to be peaked at κ ∼ 0.5Er
V. CONCLUSION
Based on Keldysh formalism, we calculated the spec-
trum function A±(k, ω) = i2pi (GR±(k, ω) − GA±(k, ω)) by
obtain G
R(A)
± (k, ω) with the help of Dyson equations. We
found that the cavity dissipation will result a broadening
when the band gap resonant with polariton excitation en-
ergy, and this broadening becomes large when the cavity
decay rate κ matches recoil energy. Interestingly enough,
this broadening is highly spin selective depending on how
fermion is filled and make the spectrum asymmetric. To
be specific, there will be no obvious spectrum broadening
when the momentum k∗ for resonant gap 2∆k∗ is singly
occupied; there will be a spectrum broadening on spin
down branch for k∗ being double occupied and a broad-
ening on spin up branch for k∗ being zero occupied. The
most interesting case is when the chemical potential al-
lows double occupancy and the low energy spectrum is
affected, causing inconsistency against our ground state
assumption. Further study on this special parameter re-
gion with a self-consistent treatment is needed in the fu-
ture.
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Appendix A: Analytical Expression for Dynamical Susceptibility
Let us rewrite the retard χR in more explicit form,
χR(ω) =
iη2
2
∑
k,
(
GR↑↑(+ ω, k)G
K
↓↓(, k) +G
K
↑↑(+ ω, k)G
A
↓↓(, k)
)
=
η2
2
∑
k
(
P+↑↑P
−
↓↓(1− 2n−F )
ω − 2∆k + i0+ +
P−↑↑P
+
↓↓(1− 2n+F )
ω + 2∆k + i0+
+
P+↑↑P
−
↓↓(1− 2n−F )
−ω − 2∆k − i0+ +
P−↑↑P
+
↓↓(1− 2n+F )
−ω + 2∆k − i0+
)
= χ0(ω + i0
+) + 2χ1(ω + i0
+) + χ2(ω + i0
+) (A1)
P±↑↑ =
1
2 (1± v0k/∆k), P±↓↓ = 12 (1∓ v0k/∆k) are projection factors, and χ0, χ1 and χ2 are introduced as follows
χ0(ω + i0
+) = η2
∑
k
[
1
4(ω + 2∆k + i0+)
− 1
4(ω − 2∆k + i0+)
]
(n−F,k−n+F,k) (A2)
χ1(ω + i0
+) = η2
∑
k
[
dz
4(ω − 2∆k + i0+) +
dz
4(ω + 2∆k + i0+)
]
(n−F,k−n+F,k) (A3)
χ2(ω + i0
+) = η2
∑
k
[
d2z
4(ω + 2∆k + i0+)
− d
2
z
4(ω − 2∆k + i0+)
]
(n−F,k−n+F,k) (A4)
Similarly, we can find χ¯R(ω) = χ0(ω + i0
+) − χ2(ω + i0+). In the following we are going to calculate analytical
expressions for χ0,1,2.
χ0(ω + i0
+) =
Nη2
2piv0
[
λω√
1− λ2ω
(
− arctan
(√
1− λω
1 + λω
tan
θ
2
)
− arctan
(√
1 + λω
1− λω tan
θ
2
))
− ln 1 + sin θ
1− sin θ
]∣∣∣∣∣
θF
θI
(A5)
where λω = (ω + i0
+)/2η|α|, θF = arctan(v0kF /η|α|), θI = arctan(v0kI/η|α|).
χ1(ω + i0
+) = η2
∑
k
2ωdz
ω2 −∆2k
=
Nη2
2piv0
(
ln
∣∣∣∣ω + i0+ + ∆Fω + i0+ −∆F
∣∣∣∣− ln ∣∣∣∣ω + i0+ + ∆Iω + i0+ −∆I
∣∣∣∣) , (A6)
where ∆F = 2
√
v20k
2
F + η
2|α|2, ∆I = 2
√
v20k
2
I + η
2|α|2. θF,I , ∆F,I contain information of filling fraction as well as
Fermi surface.
χ2(ω) = η
2
∑
k
d2z∆k
ω2 − 4∆2k
=
∑
k
η2∆k
ω2 − 4∆2k
− η4|α|2
∑
k
1
∆k(ω2 − 4∆2k)
(A7)
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χ2(ω + i0
+) = χ0(ω + i0
+)− Nη
2
2piv0
1
λω
√
1− λ2ω
[
arctan
(√
1− λω
1 + λω
tan
θ
2
)
− arctan
(√
1 + λω
1− λω tan
θ
2
)]∣∣∣∣∣
θF
θ=θI
(A8)
All imaginary part could be get from analytical continuation.
Appendix B: Cavity Fluctuation Spectrum
In this section, we are going to present the details for calculation of cavity fluctuation correlation function,
ΠˆR,A,K(ω). Παβ11 (t, t
′) = −iθ(t − t′)〈δaα(t)δa†β(t′)〉, Παβ22 (t, t′) = −iθ(t − t′)〈δa†α(t)δaβ(t′)〉, ΠR12(t, t′) = −iθ(t −
t′)〈δaα(t)δaβ(t′)〉, ΠR21(t, t′) = −iθ(t − t′)〈δa†α(t)δa†β(t′)〉. (α, β = cl)(q) ΠˆR2×2 = Πˆcl,q2×2, ΠˆA2×2 = Πˆq,cl2×2, ΠˆK2×2 = Πˆcl,cl2×2,
Πˆq,q2×2 = 0. In our article we suppose steady state could be reached in long time limit, therefore Πˆ
αβ
2×2(t, t
′) = Πˆαβ2×2(t−t′),
and Πˆαβ(ω) =
∫
d(t− t′)eiω(t−t′)Πˆαβ2×2(t− t′).
The Dyson equations for cavity field correlation functions can be explicitly written as
ΠRab(t, t
′) = pi0Rab (t− t′) +
∑
c,d=1,2
(
pi0Rac ◦ χRcd ◦ΠRdb
)
(t, t′), (B1)
where the matrix indices are in 2× 2 T (time-reversal) space. According to steady state approximation, after Fourier
transformation, we get
ΠRab(ω) = pi
0R
ab (ω) +
∑
c,d=1,2
pi0Rac (ω)χ
R
cd(ω)Π
R
db(ω) (B2)
=
=
+
=
=
+
+
+
++
FIG. 10: Diagrammatic illustration of Dyson equation for ΠR. Here red dot represent cl vertex and blue dot represent q vertex.
These Dyson equations are : (1) ΠR11 = pi
0R
11 + pi
0R
11 ◦ χR11 ◦ ΠR11 + pi0R11 ◦ χR12 ◦ ΠR21; (2) ΠR12 = pi0R11 ◦ χR11 ◦ ΠR12 + pi0R11 ◦ χR12 ◦ ΠR22;
(3) ΠR21 = pi
0R
22 ◦ χR22 ◦ΠR21 + pi0R22 ◦ χR21 ◦ΠR11; (4) ΠR22 = pi0R22 ◦ χR22 ◦ΠR22 + pi0R22 ◦ χR21 ◦ΠR12.
Finally, for the Keldysh Green’s function, we have
ΠKab(ω) = pi
0K
ab (ω) +
∑
c,d=1,2
(
pi0Kac (ω)χ
A
cd(ω)Π
A
db(ω) + pi
0R
ac (ω)χ
R
cd(ω)Π
K
db(ω) + pi
0R
ac (ω)χ
K
cd(ω)Π
A
db(ω)
)
(B3)
